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PEULIEHUE YPABHEHUN TEIJIOBOI'O IIOTPAHUYHOI'O CJIOA,
OBPA3VIOIEIOCA HA BPAIAIOIECHA OCECUMMETPUYHON
INIOBEPXHOCTH

AnHoTanua—- Peulenne 3aJgayn [JIA CHUMAaeMOro rasa pasbICKMBAETCA B Cay4ae JMHeHHON
33BUCHMOCTY BABKOCTH OT TEMIEPATYPH MyTeM NpUMeHeHNA npeobpasoBanud JlopogHULLHA.
Pacnpepenenus TemnepaTypH ¥ COCTABJIAINIMX BEKTOPA CKOPOCTH HpENCTABIAITCA B BHfE
PAMIOB  OTHOCHTEJIBHO MAPAMETPOB, ONMCHBAOMMX (OPMY MEpHAMOHA/ILHOTO KOHTYpa
TIOBEPXHOCTH. B pesyabrare 3TOr0 MOJYydaeTCA PEKKYPEHTHAA CHCTEMAa OO6HKHOBEHHEIX
auddepeHNATLHEX ypaBHeHU! AJIA K03(QQUIMEHTOB NPH STUX NAPAMETPAX, ABJIAKNIMXCA
dyHxumAMu Oe3pasMepHOre pAacCTOAHUA OT TNOBepXHOCTH. IIpuUBOXATCA pesyIbTATH
YMCJIEHHOTO peIleHMs HA 3JJEKTPOHHON BHYMCIMTENLHON MallliHe KpaeBolft samauum A
yKasaHHO¥ cucreMe pudifepeHUMANbHWX ypaBHeHNil. [laeTcA COmMOCTaBNEHHe HAHHHX,
OCHOBAHHBIX HA IOJY4YeHHOM PpelleHHH, ANA cPepHYecKOdf NMOBEPXHOCTH ¢ PesyJbTaTaMH
APYTHX pelmeHui.

HO. 940, t£D.s40),

NOMENCLATURE coefficients in series expansion

X, distance along the generating line; from (11);
¥, transversal direction ; T Ty components of tangential stress;
Z, distance along the normal to the 0, =rw?:(, —iy);

surface ; £, =1 :po(rwi, T, = 1,:po(row)?;
. distance from the rotation axis; Xm
B, half of the expansion angle of the 4 § r’z,dx

conical nose; Cous = 04“&%’ drag coefficient ;
o = Sin ﬂ PcTmVa®
u,v,w, velocity vector components in the gr T

direction x, y, z; Nu, = W} q=— l(ﬁ) ;
T, temperature ; vl e
i =c,T. enthalpy; Re,, = rlaw/v,;
#, isentropic index ; Pr, = Uc,/A;
0, density ; ro
v, kinematic viscosity, v = w/p; Mo = a,’ a5 = /ORT,)
A, thermal conductivity ;
o, angular velocity; Subscripts
¥, stream function; 00, in motionless environment ;
x% 2% ¢, defined by equations (5) and (12); w, at the surface;
ex(x), shape parameters by equation (10); m, at the maximum surface radius.

81



82 L. A. DORFMAN and V. A. MIRONOVA

REDUCTION TO THE BOUNDARY-VALUE
PROBLEM FOR ORDINARY DIFFERENTIAL
EQUATIONS

CoNSIDER a developed flow and heat transfer in
a boundary layer at a rotating axisymmetric
surface in an infinite motionless atmosphere of

FiG. 1.

viscous compressible gas (Fig 1). For calcula-
tion of a thermal boundary layer a solution of
simultaneous equations for this case (p =
const) is necessary (see [1]):
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In the present case (no incoming flow) the state
equation becomes

- (1)

=
»
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Pi = Poic 2

We shall consider the case of linear relation
between viscosity and enthalpy

B= e 3)

lCO
Then, introduction of the stream function y

ayr)

® ox

)

and application of Dorodnitsyn’s transforma-
tion
xX*=x, Z°= [(p/p,)dZ (5)
0

yield the simultaneous equations having the
form of equations for an incompressible fluid
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The boundary conditions are
v=or, Y =0, %=0,
i=i, at Z°=0
\
7
v —0, —aﬂo——ﬂ), o "
0z
at Z° - . ]

Consider the case of a constant temperature
drop along the generating line i,, — i,, = const.
The meridional profile of the surface (Fig. 1)

)

r = r(x)

is assumed to have a conical nose

or .
<a)x=0 = asin f

It should be noted that the case « = 1 cor-
responds to smooth blunting.

The solution of equations (6) is obtained by
the method of series expansion [2] over the
parameters &;, £2, &,, £, &; . £, . .. where

)
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dr r-1d5 g It should be noted that in this case the velocity
a=g— L a=rT gy (10) components « and w are of the form
The solution is sought as u=ro{f1 Q)+ & f20) + 150
r + 6 40 + &S50 + eiefs() + ...}
b= o), 0+ a0 1 W= Y0200 + a2 + 2601 (13)
+ e 150 + e2f0) + &1 f5() + &[26,(0 + 21,0] + &[ £(0
+eaefld) +- + 301 + 20 + 2]
v = r{g,({) + e192(0) + 1930 + £16,[2£4(0) + 3l + O] + ...}
+ &204(0) + e195(0) + 182960 + ...} | (11
i=1iy 4 (iy — io) {10 + &1t:(0) It is obvious that series (11) converge more
+ &5t3(0) + exta(0) + €50 rapidly with smaller parameters ¢,, ¢,,... The

case gg = 0 corresponds to the conical surface.

2,22
+esate(d) + ..} + e’ {5:(0) With increasing ¢z, which describe an increasing

+ £15(0) + &ls3(0) + e254(0) departure of r(x) from the conical surface, a
+ e355(0) + €18256(0) + ..} greater number of series terms are necessary.
Substitute (11) into (6); then using the obvious
where identity
J10), 120, 30, S, 5D, f6(O)- . 5 4
91(9, gZ(c)a g3(09 94(61 gS(C)s gG(C) cees r—&ef = (K - 1) (81 + 1) + Ex+1

t1(0, £20), t3(0), ta(D), t5(0), 26(0)- - -
$1(0), 52(0), 53(0), 54(0), 55(0), 56(0) . . . are unknown

functions of the mdependif)l; variable following recurrent systems of ordinary differen-
{=2° \/ (—) (12) tial equations

and equating the factors at ¢?, ¢, €2, &,, €3, &, ¢,
in both sides of the equations, we obtain the

@

1= —gi =211 )
2 =+ 2112 — 91 — 209, — 2f1 - 2S5 - 1S
3 =222+ 1S5+ (f2? — g5 — 20192 — 20195 — 2S5 — 2011 = 2S5
=261 - S
e =f1S2+ 3f{fa— 29190 = oS = 2114 — LS L (14)
=61 A+ S+ Ao S =201 = 20605 — 2005 — 205 — 245 fs
= 2615 = 2sf1 — 95 — 29195 — 29195 — 29,95
e =21 3+ 3 1fa+31fe + (D +32fs — 29194 — 29196 — 29294 — HuS
=26 = 2106 =200 = Hufs = Y1 — fof s — 2511

g1 = 29,1 — 2191
9> =29, /1 + 2192, + 2291 — 2951 — 202,90 — 2141
g3 = 21193 + 2f'19: + 2f29: + 229, + 2391 — 21195 — 20,95 — 2f391 — 21195 — 224,
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g5 = 2f19s + 20293 + 2392 + 29,15 + 2139, + 29215 + 2951 — 21195 — 2rgs
= 2f3d5 — 2fsg — 21195 — 21295 — 2139,

96 = 3196 + 3294 + 2049 + 29,16 + 29, f4 + 3194 + 2051 + [29: — 2196
~ 20294 — 349> — 3fsgy — 2195 — 3agy — 1295 — 239,

1 " ’
I—’;tl = = 2fit;
1 ' ! ’
P_tlz' = = 2ty — 2fity — 2fith
,
1 - . ,
I;rtl:; = = 2fity — 2fit5 — 26,5ty — 23ty — 250
1 ’ ’ ’ ’
—P;tﬁ = fity + fits — 21ty — 3fets — oty
1 ’ ’ ? ! r
Etg = — sty — sty — 2fpts — 2fits — 2fit5 — 26ty — 231}

1 ! v 7.7 ’ 7 ’ a '
”Ig—tg =213+ fat, + fita + fite + fita — 2ite — 2f 2ty — 3aty — 3fsty — 2114
r
= 3ty — 132 — 23ty

1 ! " ’
i,‘;slll =25, f1 — 2f151 — (f1)2 - (91)2

1 " ’ 7 ’ ! 4 4 " " ! ’
T,;Sz =28 f1 + 25, f% + 25,7 — 2f1s) — 218, — 2fr81 — 2f1f5 — 29195

1 1 ! ’ ’ ’ 7 ’ r 4 o /
F;Ss =281 f%5 + 25,y + 25,5 + 25, f5 + 2s5f1 — 2115y — 2f185 — 2f>87 — 238,
= 2638 — (f9® = 2f'1 S5 — 29195 — (9)*
1 o4 ’ ’ s i " 7 ’
ESZ =251 f% + 3. 4+ 5o f1 — 215y — 3fast — fo51 — 21 S — 29144

1 ] ’ ; ’ ’ ' tr ’ t o
-85 = 2f 581 + 2fysy + 2f o3 + 2f1ss + 255y 4+ 255, + 2f 15y — 2185 — 2585

Pr
= 238y ~ 2fsst — 2f1s5 — 2585 — 23810 = 215 S5 = 21 S5 — 29595 — 29195

1 ., , , , . ,
p_rSg = 25106 + 25, % + 3safs + 3561 + 254 + 3f 154 + 5o f s + 255/ — 2f1s6

— 258% — 3asy — 3fesy — 2184 — 3asi— [285 — 2381 — 2 5f 4 — 2f(f ¢ — 29294 — 29\ 6.
Boundary conditions (7) are satisfied if

=0, fi=0 s=0 (i=123,..)
gi=1 ¢g,=0, t;,=1, ;=0 (i=23,..) at{

9,20 [fi—=0, 5:-0, t;->0@=123,...) at{ — oo,

¢ (16)

/

r(17)

(18)
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It should be noted that the first equations of
each group f,, g,, 51, t; represent a system of
non-linear differential equations describing the
velocity and thermal boundary layers for cases
of a disk and a cone, the solution of which is
known (see [1]); the remaining equations are
linear.

NUMERICAL SOLUTIONS OF BOUNDARY-VALUE
PROBLEM

Boundary-value problem (14){18) was solved
on a digital computer. The problem was reduced
to the initial single-value problem by the trial
and error method and interpolation of the initial
conditions. Integration was carried out on the
basis of the Runge-Kutta method, as modified
by Merson [3], with an automatic choice of
step and an accuracy e = 10”7 within each
step. The choice of the values {*, where the
boundary conditions at infinity are attained, is
made in the following way (see [6]). The calcula-
tions are carried out for sufficiently large (*

T, = Re2}[f10) + &, f5(0) + €1 /3(0)
+ & f40) + &1 f50) + &6, f5O +..1 (19

7, = Re }[g1(0) + £,95(0) + 1g5(0) + £,94(0)

+395(0) + £,60950) +...]  (20)
Nu = Re? {t}(0) + &,£5(0) + £2t5(0)
+ £,4(0) + £3t5(0) + £,6,t5(0) + ...
+ 0[51(0) + £,55(0) + &155(0) + £,54(0)

+ &355(0) + £,6,560) +..1}. (1)

It should be noted that the temperature factor
may be expressed in terms of the Mach number

Table 1. Main parameters of velocity boundary layer

({* = 12). If the results are not affected by Indexk f0) 44(0) Se(e0) ~hg(c0)
increasing (*, the solution may be considered
completed. Some results are presented in Tables ; g:;;gﬁg :g:gégggf _g:;;fﬁ g:ﬁgz
1 and 2 and in Figs. 2-9. The formulae for calcu- 3 —0063779 0076990 016581 —0-110601
lation of the frictional stress components and ‘; 83;‘1’;33 83‘3’3:;‘;' g'(l’;gfg ‘ggg‘;g?
heat-‘transfer coefficients at the surface of a 6 —0016177 —0014135 —012307 —0-185302
rotating body are of the form
Table 2. Main parameters of thermal boundary layer
Pr
t(0), 5x(0)
01 03 07 10 30 10 30
—-t3(0) 008284 018515 032313 039625 068258 1-13412  1-73103
—6(0) 003223 009176 0-16154 0-19812 034129 056706  0-86552
t5(0) 000609 002104 004033 004953 008532 014176 021638
%(0) 000461 001325 002275 002720 004371 006870 010134
—t50) 000270 000858 002007 002476 004266 007088  0-10819
~t:(0) 000588 001855 003408 004081 006557 010306 015202
51(0) 004039 010980 022819 030796 075536 193588  4-42016
550) 001967 005256 010974 (14870  0-36826 094901  2-17341
—-s3(0) 000514 001345 002712 003645 009127 024584  0-58820
—s5,(0) 000068 000172 000347 000468 001145 002824 006090
55(0) 000258 000678 001357 001841 004802 013641 034380
5600 000107 000273 000530 000708 001809 005238 013555
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M, and dimensionless temperature difference
(T, - T)/T,
T

0=(x—1)M2 -2
T, - T,

The suction rate at infinity, W(0), is also a
characteristic quantity

— W(0) = /(vo@){hy(00) + £1h5(00)

+ £1h3(00) + £;h4(00) + e3hs(o0)

+ g,8,hg(c0) + ...} (22)

where hg(c0) are simply expressed in terms of
Jx(o0) according to (13).

SOME EXAMPLES

Consider an example of application of the
results obtained to the well-studied case of a
spherical surface

r = sin x

where x and r are based on the sphere radius. In

this case a = 1,
g, =cosx —1; & =(cosx — 1);
g, = — sin? x; g} = (cos x — 1)*;

g6, = — sin? x(cos x — 1)

0-08

0-06

0-04

0-02

-0-02

FiG. 3.

-0-04

All flowy parameters may be calculated directly
from Tables 1 and 2. The comparison of the
present calculations with the prediction of
Banks [4, 5] and with the values obtained in [6]
are given in Table 3. It should be noted that all
the three methods may give better results with
smaller x, and near the equator (x = n/2) they
deviate from the true solution of the physical
problem since in this region the boundary-
layer equations are not valid any more. There-
fore all the three methods produce similar
results up to x = 1-0. Table 4 shows that the
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Table 3. Comparison of the results obtained by three methods (for a sphere)

87

X

Quantity Calculation
method 0 02 04 08 12 14 15 /2
%, Ret by equation (19) 05102 05047 04879 04180 02950 02128 01668 01325
by Banks’ method [4]  0-5102  0-5047 04883 04200 02947 02015 01438 00972
by method [6] 0510 0505 0488 0416 0278 0162  (0092) (003)
—%,-Re} by equation (20) 06159 06101 05927 05211 03931 03040 02528 02160
by Banks’ method [4] 06159 06100 05927 05213 03955 03063 02528 02106
by method [6] 0616 0610 0593 0521 0396 0308 (0259) (0-226)
Nu-ReZ' by equation (21) 03231 03208 03140 02869 02372 01993 01762 01580
0 =0; by Banks’ method [S] 03231 03206 03131 02823 02283 01904 01681 01508
Pr=07 by method [6] 0323 0326 0319 0294 0255 0226 (0208) (0-1096)
_ W(x)  byequation (13) 08845 08786 08613 07936 06679 0569 05084 04597
[v.o] byBanks method [4] 08845 08780 08587 07810 06488 05599 05091 04702
by method [6] 0884 0879 0864 0806 0709 0641  (0602) (0574)

Table 4. Values of c,, for a sphere

O?;:l;::s;); Predicted by Accordingto Experimental Experimental
method method [6]  Banks[4] data [7] data [9]
223
391 41 327 3.5 34 4 227
Re?

0:10]

0-06

0-04

0-02
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Pr=30
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drag coefficient ¢, for the sphere obtained by
the present method is somewhat higher in
comparison with experimental data, and Banks’
values are somewhat lower. The heat-transfer
coefficient obtained by the present method [6]
is somewhat closer to the experimental data
[8] than Banks’ results. All these facts demon-
strate sufficient accuracy of the present method.
For illustration of the compressibility effect
on the velocity and temperature profiles, we
shall take the dimensionless physical variable

-]

and for simplicity consider the case of a rotat-
ing cone (disc). The results of integration for
different Mach numbers M, and temperature
factors T,/T, for air (Pr = 0-7) show (Figs.
10 and 11) that the profiles of components of the
velocity vector become less steep and the boun-
dary layer increases with M.

Heat supply to the wall has the same effect
on the velocity profiles; at T, = 2T, velocity
profiles are less steep than in the case of heat
removal (T, = T,). The boundary-layer thick-
ness decreases with increasing heat removal

Lat

lo

It should be noted that at u ~ i the drag
coefficient ¢, calculated by using physical
parameters at a large distance from the rotating
surface is independent of the Mach number.
Experiments by Theodorsen and Regier (see [1])
verify that c,, is independent of M up to M =
1-69. The same effect was reported by Bowden
and Lord [7] for a sphere.
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SOLUTIONS OF EQUATIONS FOR THERMAL BOUNDARY LAYER AT ROTATING
AXISYMMETRIC SURFACE

Abstract—The problem is solved by Dorodnitsyn’s transformation for the case of a compressible gas.

the viscosity of which is a linear function of temperature. The profiles of temperature and components of the

velocity vector are presented in a series form expanded over parameters describing the shape of the meri-

dional surface. A recurrent system of ordinary differential equations is obtained for the coefficients at the

above parameters which are the functions of the dimensionless distance from the surface. The results

are shown of the computer solution of the boundary-value problem for the given differential equations. The
present solution for a spherical surface is compared with other solutiops.

SOLUTIONS D’EQUATIONS POUR LA COUCHE LIMITEE AU SURFACE ROTATOIRE A
SYMETRIQUE

Résumé— Le probléme d’un gaz compressible dans le cas ot la viscosité est une fonction linéaire est résolu
par la transformation de Dorodnitsyn. Les distributions de la température et des composantes du vecteur
vitesse sont présentées sous la forme de séries portant sur les paramétres décrivant la forme de la surface
méridienne. Un systéme récurrent d’équations différentielles ordinaires est obtenu pour les coefficients des
paramétres ci-dessus qui sont fonctions de la distance 3 la surface mise sans dimensions: Les résultats de la
solution obtenue par le calculateur sont présentés pour un probiéme de valeur A la limite pour les équations
différentielles actuelles. La solution actuelle pour une surface sphérique est comparée avec d’autres solutions.

LOSUNGEN VON THERMISCHEN GRENZSCHICHTGLEICHUNGEN FUR
ROTIERENDE ACHSSYMMETRISCHE OBERFLACHEN

Zusammenfassung— Das Problem des kompressiblen Gases bei linearer Temperaturabhéngigkeit der

Zihigkeit wird mit der Transformation von Dorodnitsyn gelost. Die Temperaturverteilungen und Kompo-

nenten des Geschwindigkeitsvektors werden in Reihenform angegeben mit der Meridionalform als Para-

meter. Ein Rekursjvsystem von gewdhnlichen Differentialgleichungen erhilt man fiir die Koeffizienten bei

den obigen Parametern, die Funktionen des dimensionslosen Abstands von der Oberflache darstellen. Die

Ergebnisse der Maschinenrechnung sind fiir ein Grenzschichtproblem angegebén. Die Losung fiir eine
Kugeloberfliche wird mit anderen Losungen verglichen.



